We discuss a new perturbation method to study the dynamics of massive vector fields on extremal and near-extremal static black hole spacetimes. We start with, as our background, a rather generic class of warped product metrics that consist of an m-dimensional spacetime and an n-dimensional Einstein space, and with respect to the behavior on the latter space, we classify the components of massive vector fields into the vector(axial)-and scalar(polar)-type components. On this generic background spacetime, we show that for the vector-type components, the Proca equation reduces to a single homogeneous master equation, whereas the scalar-type components remain to be coupled. Then, focusing on the case of extremal and near-extremal static black holes in four-dimensions, we consider the near-horizon expansion of both the background geometry and massive vector field by a scaling parameter λ with the leading-order geometry of λ → 0 being the so called near-horizon geometry. We show that on the near-horizon geometry, thanks to its enhanced symmetry, the Proca equation for the scalar-type components also reduces to a set of two mutually decoupled homogeneous wave equations for two scalar variables, plus a coupled equation through which the remaining third variable is determined from one of the first two. Therefore, together with the vectortype master equation for a single variable, we obtain the set of three decoupled master wave equations, each of which governs each of the three independent dynamical degrees of freedom of the massive vector field in four-dimensions. We further expand the geometry and massive vector field with respect to λ and show that at each order of λ, the Proca equation for the scalar-type components can reduce to a set of two mutually decoupled inhomogeneous wave equations whose source terms consist only of the lower-order variables, plus one coupled equation that determins the remaining third variable. Therefore, if one solves the master equations on the leading-order near-horizon geometry, then in principle one can successively solve the Proca equation at any order. *
Introduction
Exploring the dark sector of our universe is one of the major, most challenging subjects in recent cosmophysics. In particular, identifying the dark sector of matter is of great importance in the context of astrophysics and high-energy particle physics. One of the most popular candidates for dark matter are weakly coupled ultralight bosonic fields, predicted to generally arise in string-theory-inspired scenarios [1, 2, 3] . One way to search for such ultralight bosonic fields in astrophysical context is to seek for the so called superradiant instability of rotating black holes, which produces gravitational radiation and eventually spins down the black hole [4] . A superradiant scattering around a rotating black hole can in general occur when the frequency ω of an impinging wave of some bosonic fields satisfies the condition 0 < ω < mΩ H , where m denotes the azimuthal number of the impinging wave and Ω H the horizon angular velocity of the black hole. When, in addition, there is some mechanism that reflects the superradiantly scattered, amplified wave back into the ergoregion of the black hole, the superradiant amplification can take place repeatedly and exhibit an instability. The reflection mechanism can be played by, for example, a "mirror" set by hand [5, 6, 7, 8, 9, 10] , or the spacetime curvature produced by a negative cosmological constant [11, 12, 13, 14, 15, 16, 17] . A superradiant instability can also be realized in more realistic astrophysical circumstances if the impinging bosonic fields posses masses [18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30] , and can be most efficient when the corresponding compton wavelength of the massive fields is comparable to the black hole radius. This is the case in which, for example, the masses are less than 10 −10 eV, for the stellar mass black hole case. The existence of such ultralight bosons has been suggested by, for example, the string axiverse scenario [1] , and there have been a number of attempts to derive bounds on the masses of such ultralight bosons by exploiting the recent developments of precision black hole physics, see, e.g. Refs. [4, 24, 25, 31] .
It is also worth mentioning that the presence of massive bosonic fields can affect the environment of stationary black holes by endowing with "hair." In fact, for a certain configuration of massive complex scalar and vector fields, the possibility of hairy rotating black holes has been pointed out [32, 33] . Instability of such hairy black holes has also been discussed [34, 35] .
To explore the possibility of superradiant instability in our universe and other possible roles of massive bosonic fields in astrophysics and fundamental physics, it is of considerable importance to understand precisely how such massive fields propagate in black hole spacetimes. There have been a number of relevant work along this line by using both analytical and numerical methods, and the behavior of the massive scalar fields has now been well-understood. As for massive vector and tensor fields, however, the analyses become much more involved. For example, in the massive vector field case, having three independent physical degrees of freedom due to the lack of gauge freedom, the equation for massive vector fields or Proca equation does not appear to be immediately separable in Kerr black hole background, let alone reducing to master equations, i.e., a set of decoupled second-order wave equations. This situation should be compared with the case of massless vector, i.e., Maxwell, field, for which Maxwell-equations are separable and further reduce to the Teukolsky's master equation. Such a complexity of massive vector fields remains to be the case even for non-rotating, static black hole background. For example, in Schwarzschild spacetime, although the radial and angular parts are immediately separable thanks to the spherical symmetry, the Proca equation still does not appear to reduce to a set of decoupled master equations [36, 37, 38] . For these reasons, in order to study the behavior of massive vector fields, one has to appeal to a combination of some approximation and numerical method, or full numerical computation [26, 39, 40] . As for some approximation method, for example, by extending Kojima's pioneering work [41, 42, 43] , the slow-rotation approximation for linear perturbations of scalar and massive vector fields on slowly rotating black holes has been formulated in [24, 25] .
The superragiant instability is regulated by the dimensionless parameter µM (in unit G = c = 1) with µ and M being the masses, respectively, of the bosonic field and black hole, and is expected to be strongest e.g., when µM ∼ 1 for maximally spinning extremal black holes. There have already been several observations that indicate the existence of highly spinning, nearly extremal black holes in our universe, see e.g., Refs. [44, 45] . It is therefore of considerable interest to develop some formulas which can be applied for rapidly spinning, near-extremal or maximally rotating extremal black holes. In particular, so far little has been done for analytically studying the dynamics of massive vector fields in extremal and near-extremal black holes.
It is well-known that an extremal black hole admits what is called the near-horizon geometry, which is obtained by taking a certain scaling limit around the horizon neighborhood, and which admits an enhanced isometry higher than that of the original extremal black hole geometry [46, 47] . For the maximally rotating extremal Kerr black hole, the near-horizon geometry-also called NHEK-has the enhanced symmetry SL(2, R) × U(1), which has been exploited to formulate type of the gauge-gravity duality, called Kerr/CFT correspondence [48] . Further, the enhanced symmetry of the near-horizon geometry has recently been used to analytically compute radiation emissions from the near-horizon region of extremal Kerr black holes [49, 50] . For further study of the near-horizon geometries and their classification, see e.g., Refs. [51, 52, 53, 54] and references therein.
Apart from astrophysics context, massive bosonic fields around extremal and near-extremal black holes have received attention also in some theoretical contexts. This is the case also for the static extremal black holes. For instance, a superradiant scattering can also occur in nonrotating, static black holes if one considers a charged scalar field coupled to the background gauge field in a charged black hole. In this case, the role of mΩ H for the rotating case is played by qΦ H , where q denotes the charge of the field and Φ H the electric potential at the horizon. For example, the behavior of charged scalar fields in extremal Reissner-Nordstrom black holes has been studied by using the near-horizon geometry [55] . Another interesting phenomena is the condensation of massive scalar fields around the horizon of near-extremal black holes. The near-horizon geometry of an extremal black hole includes in part a two-dimensional anti-de Sitter (AdS 2 ) spacetime. Then, if the mass of massive field violates the so called BreitenlohnerFreedman bound [56, 57] of the near-horizon AdS 2 spacetime, massive scalar field condensates and triggers an instability, which may be interpreted as a phase transition in the dual boundary field theory. Such an instability due to the scalar field condensation is known to occur for near-extremal Reissner-Nordstrom-anti-de Sitter black hole, and has an interesting application to holographic superconductors [58, 59] . For further study of stability of extremal and nearextremal black holes, see, e.g., Refs. [60, 61, 62, 63] and references therein.
The purpose of this paper is to develop a novel perturbation method that can apply for studying the dynamics of massive vector fields in extremal and near-extremal black hole spacetimes. In an extremal and near-extremal black hole geometry, one can introduce a constant scaling parameter, say λ, which effectively plays a roll of zooming up the neighborhood of the horizon, and taking the limit λ → 0 provides the near-horizon geometry. Our strategy is as follows. We first view λ as a small parameter to expand the background extremal (or nearextremal) geometry around the near-horizon geometry. Next, on this expanded geometry we consider massive vector fields as perturbation with small amplitude parametrized again by λ. Then, we examine the Proca equations on the expanded geometry at each order of λ. Our approach may be viewed as a two-parameter perturbation in which both the amplitude of the metric and that of the massive vector field are small and simultaneously parametrized by λ. It should be noted that in our formulation, we assume that the geometry is already fixed in full order of λ as a solution of the Einstein equations (i.e., not required to be solved at each order of λ), while Proca perturbations are our dynamical variables to be solved at each order.
In this paper, as a first step toward formulating our ideas stated above, we restrict our attention to static (near-) extremal black holes. One advantage in the static case is that the radial and angular parts of the Proca equations can immediately be separated as we shall demonstrate explicitly below. We first show, after the separation of variables, that the Proca equation for massive vector field can be reduced to a set of decoupled master equations (for three-independent dynamical degrees of freedom in four-dimensions) at leading order of λ, i.e., on the near-horizon geometry. Next, we expand both the geometry and massive vector field with respect to the small parameter λ, and obtain the formulas for higher order perturbation equations. We show that at each order of λ, one can obtain a set of mutually decoupled wave equations, each of which governs each independent dynamical degree of freedom, and each of which has a source term consisting only of the lower-order variables. Thus, in principle, starting from solving the leading order decoupled master equations, one can iteratively solve any order of massive vector perturbations. As a concrete example, we present the relevant formulas in the (near-) extremal Reissner-Nordstrom background spacetime. It is worth commenting that although the focus of this paper is on the static case, as the separation of variables can be easily performed, it was recently shown that even for the rotating case, equations for massive vector fields are separable [64] . We therefore expect that our method developed in this paper may be generalized to the maximally rotating black hole case.
In the next section, we describe our background geometry and the Proca equation, thereby establishing our notation. Our background metric takes the warped product form with an m-dimensional spacetime and an n-dimensional Einstein space. We classify the components of massive vector field into two types: the divergence-free vector(axial)-type part and scalar(polar)-type part with respect to the behavior on the Einstein space. By doing so, we can deal with the vector-and scalar-type parts separately. Then we introduce scalar and vector harmonics on the Einstein space and make the separation of variables into the radial and angular parts. Then, we reduce the Proca equation to a set of wave equations on the m-dimensional spacetime. At this stage, for the vector-type component, we obtain a single master equation, whereas for the scalar-type components, the equations are still coupled. We also discuss the massless case, and present a master equation for the scalar-type components of Maxwell field. In section 3, we describe extremal and near-extremal black hole spacetimes, introduce the extremality parameter as well as the near-horizon scaling parameter, of which zero-limit corresponds to the near-horizon geometry. In section 4, we formulate our perturbation method of expanding both the field variables and the background geometry with respect to the scaling parameter, and derive our main formulas at each order of perturbation. We first do so for the standard four-dimensional (near-) extremal Reissner-Nordstrom background, and then for a general warped product type background. We also explicitly give the general solutions to the leading-order wave equations for both vector-and scalar-type components. We show that the same structure for massive vector field perturbations also holds in the more generic extremal and near-extremal static black hole background. Section 5 is devoted to summary and discussion. For completeness, we also apply our perturbation method to charged massive scalar fields in (near-)extremal Reissner-Nordstrom black hole background, and derive the relevant formulas in Appendix.
Background geometry and Proca equations
Although our main concern is the dynamics of massive vector fields in four-dimensional black hole spacetime, taking into consideration the possibility of a wide variety of applications in fundamental physics, we shall present the relevant formulas in a rather generic setup. We first describe our warped product type background geometry and next discuss how to classify vector fields on our background. This part largely follows Refs. [65, 66] . We then write down the Proca equations explicitly in our background spacetime.
General warped product type geometry
Let us consider D = (m + n)-dimensional spacetime whose manifold structure is given locally as a warped product M = N m × K n . We distinguish tensors living in each manifold M, N m , K n by using greek indices for tensors on M, latin indices in the range a, b, c, . . . on N m , latin indices in the range i, j, k . . . on K n . Accordingly we introduce local coordinates on M as x µ = (y a , z i ) so that the metric takes the following form:
where m g ab (y) and γ ij (z) denotes, respectively, the Lorentzian metric on N m and Riemannian metric on K n . We further assume that (K n , γ ij ) is the n-dimensional Einstein space, so that its Ricci curvature satisfiesR ij = K(n − 1)γ ij , with K = 0, ±1 denoting the sectional curvature of K n , which essentially describes a manifold of horizon cross-section. We also define the covariant derivatives with respective to g µν , m g ab , γ ij , by ∇ µ , D a ,D i , respectively. The non-vanishing components of the Christoffel symbol Γ λ µν associated with g µν are given explicitly as
whereΓ a bc andΓ i jk are the components of the Christoffel symbols associated with the metrics m g ab and γ ij , respectively.
Proca equations in the general warped product background
Let us consider the massive vector field A µ with mass-squared µ 2 in (M, g µν ), which obeys the following Proca equation:
where the field strenght F is given as usual
In addition, the following Lorenz condition needs to be satisfied;
Since Proca equation, (3), is not gauge-invariant due to the mass term, massive vector field in Ddimensions has D −1 physical degrees of freedom. Note that the Proca equation naturally arises, via Kaluza-Klein compactification, from linear gravitational perturbations in higher dimensional black holes, see, e.g. [30] .
By using the formulas (2) above, we can express the projection of Proca equation (3) on N m and that of on K n , respectively, as
and the Lorenz condition (4) as
Now we discuss a decomposition of A µ . Note first that any dual vector field v i on K n can be expressed as
whereD i V i = 0, and V i and S are called, respectively, the vector-and scalar-type components of v i . Note that the vector-type is called sometime the axial-or odd-type components, and scalar-type is called polar-or even-type component. In the same manner, we can decompose any dual vector field A µ in the background (1) into the vector-type and scalar-type according to their tensorial behavior on K n . Namely, we can express A µ as
We refer to A V i as the vector-type and A S a , A S as the scalar-type components. Next, let us introduce scalar harmonics S k S as
where△ := γ ijD iDj =D iD i , and dσ n denots the volume element on K n . Note that when K n is the unit n-sphere, the eigenvalue is gven by k 2
where the eigenvalue is given, when K n is the unit n-sphere, by k 2 V = l(l+n−1)−1 , l = 1, 2, . . . . The number of independent components of V k V i is n − 1 and only when n 2, the odd-part is non-trivial.
We can expand the vector-and scalar-type components of A µ in terms of the above scalar and vector harmonics: for vector-type,
where φ kV (y) is a function on N m , and for scalar-type,
where A ka (y) and A k (y) are, respectively, vector and scalar fields on N m . Hereafter, we omit the indices k S , k V for brevity.
Now that we have separated the variables by introducing the scalar and vector harmonics, we can reduce the Proca equation, (3), to a set of equations for φ V and for (A a , A) on N m .
Vector-type component of the Proca equation
The vector-type consists of a single scalar function φ V on N m , and the field strength is written as
It then immediately follows that the projection (5) onto N m and the Lorenz condition (7) trivially hold. The only non-trivial equation comes from (6), which is written explicitly
whereD jD i V j = K(n − 1)V i has been used, and where here and hereafter m ✷ := D a D a is the d'Alembertian on the m-dimensional spacetime N m . This is the master equation for the vector-type component of the massive vector field A µ .
Scalar-type component of the Proca equation
For the scalar-type component, the field strength is given by
where we have introduced
Then, the projections (5) on N m , (6) on K n , and the Lorenz condition (4) reduce, respectively, to
Acting D a on (18) and then combining with (17), we can obtain the equation only for B a as
where m R ab is the Ricci tensor on N m , while combining (18) and (19) we have
Due to the last term in (21), the scalar variable A is coupled with B a . Inspecting eqs. (20) and (21), we can expect to be able to obtain a set of decoupled equations when R = const., as clearly the case for A in (21) . In the next section, we shall show that this is also the case for B a ; One can in fact derive from (20) a single master equation for a single component of B a when considering, as our background geometry, the near-horizon geometry of (near-)extremal black holes.
Note that the scalar-type components (B a , A) together with the Lorenz condition describe m dynamical degrees of freedom, while the vector-type components (though including only a single scalar field φ V ) describe n − 1 dynamical degrees of freedom as the vector harmonics V i itself has n − 1 independent components. Thus, in total m + n − 1 = D − 1 degrees of freedom for the massive vector field can be expressed by the above variables, as should be so.
The massless vector (Maxwell) field in the warped product background
Before going further, we show that for the massless vector field case, one can in fact obtain a single master equation also for the scalar-type component. Let us consider the case m = 2. When the mass vanishes µ 2 = 0, eq. (18) reduces to
This implies that there exists a scalar field φ S on N 2 such that
where ǫ ab denotes the natural volume element on (N 2 , 2 g ab ). Since µ 2 = 0, the gauge-invariance is recovered and φ S admits a gauge-freedom. Now, as ǫ ca ǫ ab = δ c b , it follows
That F ai itself is gauge-invariant implies that the gauge freedom of φ S is restricted to the replacement;
In terms of φ S , eq. (5) is expressed as
Therefore we have
with c being an arbitrary constant. We can always absorb this integration constant c in φ S by using the remaining gauge freedom (25) and thus obtain
This is the master equation for the scalar-type component of Maxwell field, which is responsible for only a single polarization degree of freedom. Note that the master equation for the vectortype component of Maxwell field, given by eq. (14) with m = 2 and the vanishing mass µ = 0 describes n − 1 degrees of freedom as vector harmonics V i has n − 1 independent components. Thus, in total, all n = D − 2 independent degrees of freedom for the Maxwell field in D = 2 + n dimensions can be expressed by the two master variables φ V and φ S together with vector and scalar harmonics V i and S.
Note also that all the results obtained above hold in a fairly generic class of background spacetimes as far as they have the warped product structure given by eq. (1). In particular, the background geometry used so far is neither required to be a solution to the Einstein equations with any specific energy-momentum tensor, nor to possess any symmetry.
From now on we assume m = 2. Then the metric (1) includes the standard solutions to the Einstein-Maxwell-Λ system with Λ being a cosmological constant when m = 2, y a = (t, r), R(y) = r and
where M and Q are, respectively, the mass and charge parameters. The black hole horizon is located at r = r + for which F (r + ) = 0. In particular, the above metric allows for two horizons (or more) and then possesses a limit wherein the horizon becomes degenerate. Such a black hole is called extremal. The most well-known case is the Reissner-Nordstrom metric in four-dimensions, for which n = 2, K = 1, Λ = 0, so that
The extremal limit is the case r + = r − = M = |Q|. Even for the neutral (no electric charge Q = 0) case, (29) admits an extremal black hole when K = −1, Λ < 0, and M < 0.
We consider the case in which there are two horizons at r + and r − . Since we are concerned with the neighborhood of the black hole (outer) horizon, instead of the Schwarzschild type coordinates used in (29) , let us take the ingoing Eddington-Finkelstein type coordinates, which cover the black hole horizon and in which our background metric (1) takes the form:
where g(r) > 0 is an everywhere regular function, except at true curvature singularity, and v is the advanced time-coordinate. We introduce the extremality parameter as
When σ ≪ 1, we refer to the metric (31) as the near-extremal and when σ = 0, extremal. For convenience, we also introduce the new radial coordinate
so that the black hole event horizon is located at x = 0.
It is known that any extremal black hole admits a near-horizon limit. Let us take the following scaling transformation:
with the scaling parameter λ > 0. Then the metric (31) is written as,
The limiting λ → 0 metric is the near-horizon geodmetry, in which in particular R becomes a contant, and the isometry is in general enhaced to be O(2, 1) as shown in [47] . Note that at this point, the scaling transformation (34) is simply a change of the coordinates together with the parameter change, and the above metric (35) satisfies the same Einstein equations which the original metric satisfies. This is, however, not necessarily the case when we take a power expansion of the above metric by λ and truncate at some order.
Expanding massive vector field and (near-) extremal black hole geometry
Now we shall develop our perturbation method. We view the scaling parameter λ as the small perturbation parameter and consider a one-parameter family of the massive vector field A µ (λ). We expand it in a power series in λ about λ = 0, as
We also consider our background (near-)extremal black hole metric as a one parameter family of metrics, expanded as g µν (λ) = g
µν + λg
µν + · · · , with the leading metric g
µν = g µν | λ=0 being the corresponding near-horizon geometry. Note however that the background geometry is fixed from the beginning, and in particular not required to solve the Einstein equations at each order. Then, in doubly expading the field variables and the background metric with respect to λ and exploiting the enhanced symmetry of the leadingorder near-horizon geometry, we will examine the Proca equation at each order of λ. We will perform this analysis in the vector-and scalar-type components, separately.
Proca equations in (near-)extremal Reissner-Nordstrom black hole
For concreteness, we first consider the standard four-dimensional Reissner-Nordstrom black hole background case. Generalization of our formulas to more generic case is given afterward. The metric of the Reissner-Nordstrom black hole is given by m = n = 2, K = 1, (with the scaling (34), as
where
Vector-type component of the Proca equation
We begin with the vector-type component. In the Reissner-Nordstrom background (36), the Proca equation for the vector-type, (14) , reduces to
Let us expand the master scalar variable φ V in a power series of λ as
Pluging this into (38) , as well as expanding F and the other λ-dependent coefficients in (38), we obtain
where we have introduced the following series of differential operators on N 2 ,
where here and hereafter δ ij denotes the kronecker's delta. Therefore, at each order
Namely, we have:
. . .
The leading order master equation (43) is homogeneous, and at each sub-leading inhomogeneous equation has a source term that consists only of the lower-order variables. Thus, once having obtained the leading solution Φ
V , one can successively obtain all order solutions Φ (n)
V . Here we give the general solution to the leading-order master equation (43) :
With the ansatz of time-dependency Φ ∝ e −iωv , the time-derivative ∂ v is replaced with −iω and the leading-order operator is rewritten as the second-order ordinary differential operator as
Note that the time-coordinate v is scale-transformed as v → (r + /λ)v in eq. (34), and accordingly the frequency ω is also scale-transformed as ω → (λ/r + )ω. The general solution is then, for the near-extremal σ = 0 case:
where 2 F 1 denotes the hypergeometric function and
and where C 1 and C 2 are arbitrary constants. As for the extremal σ = 0 case:
where I ν , K ν denote the modified Bessel functions. Then, once boundary conditions of interest are determined, one can construct the Green's function
by standard argument, and obtain higher order solutions, which are formally expressed as
Scalar type component of the Proca equation
Let us turn to the scalar-type components of Proca equation, (20) and (21) , in the fourdimensional Reissner-Nordstrom background case. Setting m = n = 2, K = 1, Λ = 0, we have
where 2 R a b is the Ricci tensor on N 2 , given in terms of the present coordinates y a = (v, r) by
In the coordinate system of36), the above equations, (52) and (53), are explicitly written as the coupled equations for three-components, (A, B x , B v ),
Now we expand the variables (A, B x , B v ) about λ as
Also we expand each term appearing in eqs. (55), (56), and (57) about λ. In order to express the equations (55), (56) , and (57) at each order, it is convenient to introduce the following set of differential operators:
In terms of these operators, eqs. (55), (56) , and (57), are expressed as
Therefore we have, at each order, the following equations:
These equations can be rewritten in the following manner:
(i) At the leading order λ = 0, the geometry is the near-horizon geometry, and we find
This shows that the first two equations are mutually decoupled, homogeneous master equations for the two master variables, Φ
S2 . These two variables describe two dynamical degrees of freedom, which the scalar-type components should be responsible for describing. (Recall that in four-dimensions, the massive vector field has in total three dynamical degrees of freedom, one of which is expressed by the vector-type component.) By using the third equation, the remaining variable Φ (ii) Next, at the first order of λ, we have
The first two equations are mutually decoupled, inhomogeneous wave equations for the two scalar variables, Φ
(1)
S2 , and via the third equation, the remaining variable Φ
(1) S3
can be determined. The source terms of the inhomogeneous wave equations consist of the leading order solutions Φ
The structure of these second-order equations are the same as the first-order equations:
The first two equations are mutually decoupled inhomogeneous wave equations for the two scalar variables Φ
S2 , and the third-equation is used to determine the remaining third variable Φ (2) S3 . The source terms for the inhomogeneous equations are given only in terms of the lower-order, i.e., the first-or the leading-order variables.
(iv) In general, at the n-th order, we have:
Thus, at any order, we find the same structure; we obtain two mutually decoupled master equations for two master variables, Φ
β2 , and the third-equation is used to determine the remaining third variable Φ (n) S3 . The source terms for the inhomogeneous master equations are given by the lower-order variables. This is the set of master equations for the scalar-type components. Once having obtained the leading solutions Φ
S2 , one can solve successively any order of the scalar-type components of the Proca equation.
As in the vector-type case, one can immediately find the general solutions to the leadingorder master equations,
With the ansatz of time-dependency Φ ∝ e −iωv , the time-derivative ∂ v is replaced with −iω and the two leading operators are, respectively, expressed as
Again note that according to the time-coordinate scaling v → (r + /λ)v, the frequency is also scale-transformed: ω → (λ/r + )ω. The general solutions, Φ
S1 and Φ
S2 , are given for the nearextremal σ = 0 case:
As for the extremal σ = 0 case:
and
With the choice of boundary conditions of interest, one can construct the Green's functions
Then, one can obtain the n-th order solutions, formally expressed as
Proca equations in general (near-)extremal black holes
In this subsection, we provide the expansion of the Proca equation in more generic, extremal and near-extremal black holes in four-dimensions. Our metric ansatz is given by eq. (35) . We expand the general metric functions, F (λx) = x(x + σ)g(λx) and R(λx), as
where g (0) , R (0) are assumed to be some positive constants and g (n) , R (n) (n 1) can be any regular (except at a singularity) functions of x. For later use, we define the following quantities:
Vector-type component of the Proca equation
The master equation for the vector-type componet (14) becomes in the present case
As we have done in the previous subsection, we expand this equation with respect to λ. Let us introduce the operator:
In terms of this operator, we obtain
Thus, at n-th order, we have
Thus, we obtain the set of master equations for the vector-type component with the operators L (n)
V 's in eqs. (43) - (46) 
Scalar-type component of the Proca equation
In our present general four-dimensional background, the scalar-type component of the Proca equation, (52) and (53), are rewritten as
As in the vector-type case, we expand these equations by λ. The three variables A, B x , B v are expanded as (58), (59), and (60) . We define the set of operators:
The analysis essentially parallels that of the Reisser-Nordstrom case. From eqs. (99), (100), and (101), we have at n-th order, the same formulas as (71), (72), and (73) with L (n) 's replaced with L (n) 's given above:
More explicitly, (i) At the leading-order λ = 0, the background is the corresponding near-horizon geometry, and we find
This is the set of leading-order, decoupled master equations for two master variables, Φ
S1 , Φ
S2 . The remaining variable Φ
S3 can be expressed in terms of Φ
S2 .
(ii) In general, at n-th order, we have
This is the set of master equations for the scalar-type components of the Proca equation in the general static black hole background, in which we have, at any order, the formulas similar to those obtained in the Reissner-Nordstrom case with the operators L (n) 's replaced with L (n) 's. Namely, we have two mutually decoupled master equations with source terms that consist only of the lower-order variables, and therefore, in principle, once having obtained the solutions to the leading-order homogeneous master equations, one can successively obtain the solutions to any order of the scalar-type components of the Proca equation. These formulas are our main results.
Summary and Discussion
We have developed a new perturbation method to solve the Proca equation in static extremal and near-extremal black hole spacetimes, providing for the first time a set of mutually decoupled wave equations for massive vector field at each order of perturbations. Our formulas can be a useful tool to analytically study the behavior of massive vector fields around (near-)extremal black holes. We have first considered the background metric which takes the warped product form of an m-dimensional arbitrary spacetime N m and an n-dimensional Einstein space K n , which essentially describes the horizon cross-section manifold. We have classified the massive vector field variables into the vector-type and scalar-type components according to their behavior on the Einstein space K n . Then, by introducing the scalar and vector harmonics on K n , we have separated the field variables and reduced the Proca equation to the set of wave equations on the generic spacetime N m . At this stage, the Proca equation for the scalar-type and vectortype variables are decoupled each other. Furthermore, for the vector-type components we have derived the single master equation (14) for the master variable Φ V on the generic spacetime N m . On the other hand, at this stage, for the scalar-type components, we have obtained the set of coupled wave equations, (20) and (21), for the variables (B a , A) on the generic background N m . Note however that for the massless case, i.e., Maxwell field, by exploiting the recovered gauge freedom, we have also been able to derive the single master equation, (28) , for the scalar-type components of the Maxwell field on the generic warped product background N 2 × K n .
In order to obtain a set of decoupled wave equations for the scalar-type components of massive vector field, we have restricted our attention to the extremal and near-extremal static black hole background with m = 2, in which N 2 is spanned by the advanced time and radial coordinates y a = (v, x). Such a (near-) extremal black hole admits the near-horizon limit λ → 0, which is known to possess enhanced symmetry. We have viewed the scaling parameter λ as a small perturbation parameter, and expanded the massive vector field variables as well as the background metric components about λ, with the leading-order geometry being the corresponding near-horizon geometry. Then, we have derived the set of wave equations for the massive vector field perturbations at each order of λ. At the leading-order, we have found that thanks to the enhanced symmetry of the near-horizon geometry, the scalar-type components of the Proca equation reduce to the two mutually decoupled homogeneous master equations for (Φ S3 can be determined by these two master variables. Then, we have also found that at any higher (say, n-th) order, the scalar-type components of the Proca equation always reduce to the two mutually decoupled inhomogeneous wave equations for the two master scalars (Φ (n) S1 , Φ (n) S2 ) with source terms that consist only of the lower-order variables, and the remaining component at the n-th order Φ (n) S3 can be determined by the master variables at the same and lower-order. Therefore, once we solve the leading order homogeneous master equations on the near-horizon geometry, we can, in principle, solve successively the set of inhomogeneous wave equations at any order. With the vector-type and scalar-type components all together, at each order the triplet (Φ In this paper, we have focused on the static background case. In astrophysical context, extremal or near-extremal rotating black holes are more relevant. In the rotating case, it is far from obvious a priori whether it is possible to separate field variables of interest. Recently it has been shown that massive vector field equations can be separable in Kerr-NUT-(A)dS spacetimes [64] . Therefore the remaning open issue is whether (and if possible how) one can derive a set of decoupled wave equations for the rotating black hole case. It is of considerable interest to generalize to the maximally rotating Kerr black hole case our method of expanding both the field variables and background geometry with respect to the near-horizon scaling parameter and exploiting the enhanced symmetry of the near-horizon geometry to obtain the leading order solutions. It would also be interesting-even for the static case-to consider a generalization of the present method to systems of, e.g., Maxwell theory with the Chern-Simons term.
Klein-Gordon equation:
where q denotes the coupling constant to the background gauge-field A µ , which can take, under a certain gauge, the following form:
The Klein-Gordon equation above is written as
We expand the scalar field as
and also the above equation (118) 
and therefore obtain the formulas:
More explicitly, we have
Thus, as in the Proca equation case, once we obtain the leading-order solution, ψ (0) , we can successively solve the Klein-Gordon equation (122), and obtain solution ψ (n) at any higher orders.
We also provide here the general solution to the leading-order equation, L
ψ ψ (0) = 0. With the ansatz of time-dependency ψ ∝ e −iωv , the time-derivative ∂ v is replaced with −iω and the leading operator becomes the second-order ordinary differential operator:
As the time-coordinate v is scale-transformed as v → (r + /λ)v in eq. (34), the frequency ω is also scale-transformed as ω → (λ/r + )ω. The general solution is then, for the near-extremal σ = 0 case:
where ν := k 2 S + µ 2 r 2 + + (1 − iqQ) 2 + 3 4 , κ := ω σ − qQ .
where M −iqQ,ν , W −iqQ,ν denote the Whittaker functions. By constructing the Green function G 
